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In this work, we use the thin-layer quantization procedure to study the physical implications due to curvature
effects on a quantum dot in the presence of an external magnetic field. Among the various physical implications
due to the curvature of the system, we can mention the absence of the m = 0 state is the most relevant one.
The absence of it affects the Fermi energy and consequently the thermodynamic properties of the system. In the
absence of magnetic fields, we verify that the rotational symmetry in the lateral confinement is preserved in the
electronic states of the system and its degeneracy with respect to the harmonicity of the confining potential is
broken. In the presence of a magnetic field, however, the energies of the electronic states in a quantum dot with a
curvature are greater than those obtained for a quantum dot in a flat space, and the profile of degeneracy changes
when the field is varied. We show that the curvature of the surface modifies the number of subbands occupied
in the Fermi energy. In the study of both magnetization and persistent currents, we observe that Aharonov-
Bohm-type (AB-type) oscillations are present, whereas de Haas-van Alphen-type (dHvA) oscillations are not
well defined.
PACS numbers: 73.63.Kv,73.23.-b,73.63.-b,74.78.Na
I. INTRODUCTION
Quantum dots are simply connected systems in which a
two-dimensional electron gas (2DEG) that is free to move on
a flat surface is confined laterally by a potential acting in all
directions of the surface [1]. They are also known as artifi-
cial atoms where the lateral confining potential replaces the
potential of the nucleus [2]. Such confining potential may be,
for instance, yielded by a hard-wall or even by an harmonic
oscillator-type parabolic potential. The energy spectrum then
is fully discrete and it can be studied by experiments of trans-
port phenomena if the dot is weakly coupled to wide 2DEG
regions by tunnel barriers. At zero temperature, the free en-
ergy is just the total energy of the system.
The application of a magnetic field perpendicular to the sur-
face of a quantum dot redefines the state of free energy. Then,
thermodynamic properties of the system as, for example, the
magnetization, can be calculated [3]. Another property that
results of the application of a magnetic field is the persis-
tent current. However, we must remember that persistent cur-
rents were originally defined in a quantum ring as a result of
the Aharonov-Bohm (AB) flux through the hole [4, 5], which
modifies the boundary conditions of the wave function. Con-
sequently, all properties of the system are periodic functions
of the AB flux. Therefore, for a multiply connected geometry,
we can calculate the persistent current using the Byers-Yang
relation [4]. For a quantum dot it is not a problem, although it
is a simply connected structure, as long as the wave functions
states are zero in the r = 0 region. If this does not occur,
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we can calculate the persistent currents using the definition
of the current density operator, as done in [6], where the au-
thors investigated the persistent currents of a quantum dot in
the strong magnetic field regime. An alternative procedure to
calculate this quantity at the quantum dot was accomplished
in [7] as a limiting case of that obtained for the quantum ring,
and subsequently recovering the result found in [6].
A 2DEG does not necessarily have to be a planar system.
Technological developments have made it possible to fabri-
cate nano-objects of various shapes [8, 9]. In [10] the synthe-
sis of semiconductor nanocones with a controllable apex an-
gle was described. These achievements have attracted great
interest, both in the experimental and theoretical points of
view, when a 2DEG is held in the presence of external fields
[11, 12]. The theoretical models among with the recent ad-
vances in the manipulation of nanostructures allow the fab-
rication of quantum systems in geometries with nontrivial
topologies [13–18]. Then, it is crucial to understand how
the topology modifies the physical properties of these nan-
odevices. From the theoretical point of view, the physical
implications exhibited by the quantum system confined on a
curved surface are of great interest. When a quantum par-
ticle is strongly constrained to move on a curved surface, it
experiences an effective potential energy whose magnitude
depends on the local curvatures along the surface [19–21].
The approach employed to address such a system follows the
well-known thin-layer quantization procedure. Several other
contributions have been accomplished in the context of con-
strained particle in quantummechanics using this procedure in
the last few years [22–35]. The main result described in such
approach is that, even in the absence of interactions of any na-
ture, the electrons cannot move around freely on the surface.
This implies that we can investigate mesoscopic physical sys-
tems in curved geometries by simply controlling the local geo-
metric curvature of the surface and then accessing the physical
2properties of interest.
The purpose of this paper is to investigate the physical im-
plications caused by curvature effects on a quantum dot in
the presence of external magnetic fields. We build our model
taking into account the thin-layer quantization procedure and
obtain the energy spectrum, the Fermi energy, the magnetiza-
tion, and the persistent current. We discuss in detail the ef-
fects of the surface curvature on such properties. The system
considered consists of noninteracting spinless electrons in a
quantum dot constrained to a conical surface with an AB flux
piercing through the center of the conical surface. The sys-
tem is subject to a constant magnetic field in the z-direction
as well.
II. DESCRIPTION OF THEMODEL
We are interested here in studying the motion of a spinless
charged particle constrained to move on a curved surface in
the presence of magnetic fields. We employ the procedure
of [27] for studying the quantum mechanics of a constrained
particle, which is based on da Costa’s thin-layer quantization
procedure [20]. In [27], by making a proper choice of the
gauge, it was shown that the surface and transverse dynamics
are exactly separable. In the transverse motion, the dynamics
is described by a one-dimensional Schro¨dinger equation with
a transverse potential, whereas the motion on the surface is de-
scribed by a two-dimensional Schro¨dinger equation in which
appears a geometric potential, given in terms of the mean and
the Gaussian curvatures. The geometric potential is a conse-
quence of the two-dimensional confinement on the surface.
Let us consider, therefore, a non-interacting 2DEG con-
strained to move on a curved surface in the presence of both a
magnetic field and a radial potential [36] given by
V (r) =
a1
r2
+ a2r
2 − V0, (1)
with V0 = 2
√
a1a2. This radial potential has a minimum at
r0 = (a1/a2)
1/4
. For r → r0, we obtain the parabolic poten-
tial model, V (r) ≈ µω20(r − r0)2/2, where ω0 =
√
8a2/µ
characterizes the strength of the transverse confinement. The
potential (1) describes a 2D quantum ring, nevertheless, it can
describe others physical systems. For example, if a1 = 0, we
have a quantum dot and if a2 = 0, we have a quantum anti-
dot. Both the radius and the width of the ring can be adjusted
independently by suitably choosing a1 and a2.
In this work, the curved surface is defined by the following
line element in polar coordinates [37, 38]
ds2 = dr2 + α2r2dθ2, (2)
with r ≥ 0 and 0 ≤ θ < 2pi. For 0 < α < 1 (deficit angle),
the metric above describes an actual conical surface, while for
α > 1 (proficit angle), it represents a saddle-like surface. In
what follows we focus our analysis in a conical surface, in
which 0 < α ≤ 1. In this case, the Gaussian and the mean
curvatures are given, respectively, by [39]
K =
(
1− α
α
)
δ(r)
r
, H =
√
1− α2
2αr
. (3)
and the corresponding geometric potential is written as
Vg(r) = − ~
2
2µ
[
(1 − α2)
4α2r2
−
(
1− α
α
)
δ(r)
r
]
, (4)
with µ is the electron effective mass. For the field con-
figuration, we consider a superposition of magnetic fields,
B = B1 + B2, with B1 = Bzˆ being a uniform magnetic
field and B2 = (l~/eαr)δ(r)zˆ being a magnetic flux tube,
with l = Φ/Φ0 being the AB flux parameter, e is the electric
charge, and Φ0 = h/e is the magnetic flux quantum. The field
B is obtained from the vector potentialA = A1+A2, where
A1 = (Br/2α)ϕˆ andA2 = (l~/eαr)ϕˆ.
Since we are only interested in the dynamics on the surface,
we ignore the transverse one. Thus, the relevant equation is
HχS (r, ϕ) = EχS (r, ϕ) , (5)
where
H = − ~
2
2µ
[
1
r
∂
∂r
(
r
∂
∂r
)
+
1
α2r2
(
∂
∂ϕ
− il
)2]
− ~
2
2µ
[
ieB
~α2
(
∂
∂ϕ
− il
)
+
e2B2r2
4~2α2
]
− ~
2
2µ
[
(1− α2)
4α2r2
−
(
1− α
α
)
δ(r)
r
]
+
a1
r2
+ a2r
2 − V0 (6)
is the Hamiltonian of the system. Due to the presence of the
singular δ-function in Vg(r), the Hamiltonian (6) is not self-
adjoint [40]. Consequently, the appropriated manner to solve
the problem in (5) is by using the self-adjoint extension ap-
proach. Thus, to find the energy spectrum, we can use any of
the methods proposed in [41] or [42], which have been used to
solve the spin-1/2 AB problem in curved space. In this man-
ner, the energy eigenvalues and wavefunctions of Eq. (5) are
given by
En,m =
(
n+
1
2
± L
2
)
~ω − (m− l)
2α2
~ωc − µω
2
0r
2
0
4
, (7)
and
χS (r, ϕ) =
(
1
2λ2
) 1+L
2
eimϕe−
r
2
4λ2 rL
×
[
c1M
(
1 + L+ λ2k2
2
, 1 + L,
r2
2λ2
)
+ c2U
(
1 + L+ λ2k2
2
, 1 + L,
r2
2λ2
)]
, (8)
where n = 0, 1, 2, . . ., m = 0,±1,±2, . . ., M and U denote
the confluent hypergeometric functions of the first and the sec-
ond kind, respectively [43], and ci (i = 1, 2) are constants.
The sign + (−) in Eq. (7) refers to the energy associate with
3the regular (irregular) solution for the wavefunction at the ori-
gin. The effective angular momentum
L =
√
(m− l)2
α2
+
2a1µ
~2
− 1− α
2
4α2
, (9)
controls when the Hamiltonian is self adjoint: if |L| ≥ 1 it is
self-adjoint and if |L| < 1 it is not self-adjoint. The irregular
solution must be taking into account only when it is not self-
adjoint (for more details, see Refs. [42, 44]). In Eq. (8)
k2 =
2µE
~2
+
µω
~α2
(m+ l) , (10)
is the wave number,
ω =
√
ω2c
α2
+ ω20, (11)
is the effective cyclotron frequency, and
λ =
√
~
µω
, (12)
is the effective magnetic length, with ωc = eB/µ being the
usual cyclotron frequency. The quantum number n character-
izes the radial motion and it is viewed as the subband index,
while the quantum number m characterizes the angular mo-
mentum.
III. ANALYSIS OF THE ELECTRONIC STATES AND THE
ENERGY LEVEL STRUCTURE
In this section, we investigate the energy spectrum of the
quantum dot model described in Sec. II. It can be obtained
from Eq. (7) by setting a1 = 0, leading to the radial potential
V (r) = a2r
2. The resulting quantum dot is then characterized
by r0 = 0 and a2 = µω
2
0/8, with ~ω0 = 0.459 meV [7]. For
the numerical simulations we use values obtained from a 2D
GaAs heterostructure: the effective mass is µ = 0.067me,
whereme is the electron mass and the number of electrons is
Ne = 1400.
Returning to Eq. (9), an analysis shows that in the case
of a quantum dot the state with m = l is forbidden. Here
we consider only the effects of the constant magnetic field,
then l = 0 and the state with m = 0 is forbidden leading
to |L| ≥ 1. Therefore, the Hamiltonian is self-adjoint for all
other possible values ofm, and only the energy eigenvalues of
the regular solution (+) need to be considered [42]. Moreover,
this is a guarantee that the Gaussian curvature does not modify
the states of the dot and, therefore, we can neglect it.
We can immediately check that Eq. (7) gives the energy
eigenvalues for a quantum dot in a flat sample by setting
α = 1 [1, 2, 45–48]. In the absence of an external magnetic
field, we can verify that the separation between the neighbor-
ing subbands is ~ω0 and it is not influenced by the curvature
of the surface. On the other hand, in the presence of it, we
highlight two consequences: (i) The separation between the
neighboring subbands is ~ω, which depends on the magnetic
field and α by means of Eq. (11); (ii) The energies of the
states withm > 0 are lower than those form < 0. The situa-
tion (i) implies that by either increasing the magnetic field, or
decreasing the value of α, the distance between the subbands
increases, whereas the situation (ii) reveals that the eletrons
tend to fill the low-energy states withm > 0.
Among the literature it is common to investigate the appear-
ance of degeneracy at a quantum dot. For a quantum dot on
a flat sample in the absence of an external magnetic field, all
the states are degenerates with exception ofm = 0: the states
with energies E0,−1, E0,1 form a “shell” which is two-fold
degenerate; the states with E0,−2, E0,2, E1,0 form another
“shell” which is three-fold degenerate; and so on (additional
physical implications may occur, for example, if we consider
the spin of the electron, leading to the appearance of the magic
numbers N = 2, 6, 12, 20, ... [46, 48]). The degeneracy with
respect to the angular quantum numberm and−m arises from
the rotational symmetry in the lateral confinement while the
additional degeneracy, as for example E0,−2 = E0,2 = E1,0,
is associated with the harmonicity of the confining potential
[48]. In the presence of a magnetic field, though, the degen-
eracy is lifted for small values of B, but as the magnetic field
increases, accidental degeneraciesmay occur, again leading to
enhanced bunching of single-particle levels [47]. In the case
of a quantum dot on a curved sample in the absence of a mag-
netic field, the energy becomes
En,m =
(
n+
1
2
+
L
2
)
~ω0. (13)
It is easy to see that the rotational symmetry in the lateral con-
finement is preserved, but the degeneracy with respect to the
harmonicity of the confining potential is broken. This result
is a consequence of presence of both the mean curvature (Eq.
(3)) and disclination parameter α. Therefore, the degeneracy
is reduced significantly. On the other hand, with the presence
of a magnetic field, the profile of degeneracy changes when
the field is varied. In other words, we may have an increase
or decrease of crossing of levels depending on the value of the
magnetic field. At the limit when the transverse confinement
tends to zero, ω0 → 0, or, what is equivalent ωc ≫ ω0, we ob-
tainEnm = (N + 1/2)~ωc/α, withN = n+(L−m/α) /2.
Note that for α = 1, the usual Landau levels are recovered [2].
For α < 1, the curvature lifts the Landau Levels degeneracy.
In Fig. 1, we plot the energies as a function of the quan-
tum numberm for three different values of α and two values
of magnetic field strength. The circles and the squares repre-
sent the energies, while the solid lines indicate the subbands.
For B = 0, we can clearly see that the curve of the subbands
shows a V-shaped format being more closed when there is cur-
vature than when it does not, that is, the energy of a (n,m)
state of an electron is larger at a quantum dot in a curved sam-
ple than in a flat one. The electron states at a quantum dot in
a flat sample are degenerate with both rotational symmetries
and harmonicity, whereas for the curved case, degeneracy is
only due to rotational symmetry. We can see in Fig. 1(c) for
α = 0.5 that the curvature causes a small shift in the energies
lifting the degeneracy due to harmonicity. The presence of
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FIG. 1. (Color online) The energy levels of a quantum dot as a func-
tion of the quantum numberm in the range of weak magnetic fields.
We consider the first five subbands (n = 0, 1, 2, 3, 4). In (a) and
(b) are for α = 0.8 and α = 1.0, respectively. In (c) and (d), we
consider α = 0.5.
a magnetic field breaks the rotational symmetry and the sub-
bands tend to undergo a clockwise rotation, in order to have
electrons that will occupy more states with positive energies
(see Fig. 1(b) and Fig. 1(d)). This situation is independent of
whether or not there is curvature.
In Fig. 2 we show the behavior of the energy levels as a
function of the magnetic field for α = 0.3, α = 0.5, α = 0.8
and α = 1.0. We also plot the Fermi energy corresponding
to the particular case where there are 20 electrons confined
in a quantum dot. In Fig. 2(d), it is possible see that when
the magnetic field B → 0+ Tesla the energy spectrum of a
quantum dot is not degenerated. However, by increasing the
intensity of the magnetic field, the degeneracy appears in the
spectrum and for some values of B it might be quite high. In
Figs. 2(a), 2(b) and 2(c), we can note that the crossing pattern
of energy levels is affected by the curvature. We can observe
that the states withm < 0 are more impacted by the curvature
as for example, the case of the energy E0,−1 represented by
the dashed line. The behavior of the states with m < 0 has
important effects on the persistent current. Also, it is remark-
able in this figure that the amount of subbands occupied in the
Fermi energy is greater in the presence of curvature, although
we also notice that a subband is more quickly emptied.
IV. MAGNETIZATION
We start by studying the Fermi energy of the quantum dot
discussed in the previous section in a curved sample. In Fig. 3,
we show the behavior of the Fermi energy as a function of the
magnetic field, and for some values of α. We can observe that
Fermi energy exhibits a non-smooth behavior when the mag-
netic field is varied. In the regime of weak magnetic fields, the
Fermi energy exhibits a downward deviation. This is a direct
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FIG. 2. (Color online) The energy levels of a quantum dot as a func-
tion of the magnetic field. The black line represents the Fermi energy
behavior for the case where there are 20 electrons in the sample. The
dashed line corresponds to the energy E0,1.
0 2 4 6
27
28
29
30
E  
F 
 
(m
eV
)  α = 0.2
0 2 4 6
17.02
17.39
17.76
18.13
 α = 0.5
0 2 4 6
B (Tesla)
13.5
14
14.5
E  
F 
 
(m
eV
)  α = 0.8
0 2 4 6
B (Tesla)
12
12.5
13
 α = 1.0
FIG. 3. (Color online) The zero temperature Fermi energy as a func-
tion of magnetic field.
consequence due to the absence of them = 0 state, and hence
the occupation of the states is altered; the minimum energy
state moves up one state. A non-zeromagnetic field makes the
lowest-state energy to reach a minimum value, as we can see
from Figs. 2(b), 2(c) and 2(d). Once this minimum value has
been reached, the absence of the m = 0 state has less effect
on occupation. Since it deals with electronic behavior, both
the persistent current and the magnetization will also have an
anomalous result in the weak magnetic field regime.
The magnetization is a thermodynamic quantity which
arises as a response to the applied magnetic field. At zero
temperature, the free energy is just the total energy of sys-
tem. Consequently, if the system is closed, the magnetization
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FIG. 4. (Color online) The magnetization of the quantum dot as a
function of magnetic field strength.
is given by
M = −∂U
∂B
= −
∑
n,m
Mn,m, (14)
where Mn,m ≡ −∂En,m/∂B defines the magnetic moment.
By using Eq. (7), the magnetic moment is written explicitly
as
Mn,m = − ~e
µα2
[(
n+
1
2
+
L
2
)
ωc
ω
− m− l
2
]
. (15)
In Fig. 4, we show the profile of the magnetization as a func-
tion of the magnetic field for different values of α. We can see
that profile of the oscillations changes with increasing mag-
netic field. In the flat case, the magnetization presents both
AB and dHvA-type oscillations. The AB-type oscillations are
due to the redistribution of the electron states in the Fermi
energy and are dominant in the weak magnetic fields regime
5. The dHvA-type oscillations become dominant over
AB-type oscillations as the magnetic field increases. This is
shown in Fig. 7 and they are a result of the depopulation of
a subband. When only one subband is occupied in the Fermi
energy, the AB-type oscillations are absent (see Fig. 6(d));
by comparison, we can note in Fig. 2 that there is no more
state crossing, and therefore there are no more AB-type oscil-
lations.
For a quantum dot on a curved surface, we can also see a
complex oscillation pattern. As discussed above, the curva-
ture effects tend to lift the degeneracy, which directly result
in the vanishing of the magnetization at B = 0. The AB-
type oscillations are present, as we can see in Fig. 5(b). If
only one subband is occupied in the Fermi energy, the AB-
type oscillations are absent (see Figs. 6(a)-6(c)). Oscillations
with larger amplitudes, which arise with the field raising, do
not necessarily configure as dHvA-type oscillations. This can
be seen in Figs. 6(a)-6(c) where we see that the peak of the
oscillations do not coincide with the depopulation of the sub-
band with n = 1. Besides, in the interval where the lateral
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FIG. 5. (Color online) The magnetization of the quantum dot in the
weak magnetic fields interval.
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FIG. 6. (Color online) Profile of the magnetization when the subband
with n = 1 is depopulated.
FIG. 7. (Color online) The magnetization of the quantum dot as a
function of magnetic field strength. The amplitude of the dHvA-type
oscillations changes when the α parameter is changed.
confinement is dominant, we see that along with the AB-type
oscillations, the magnetization presents a peak. This behav-
ior is due to the fact that the m = 0 state is not an allowed
6state. Figure 7 shows more clearly the region where the AB-
type oscillations are dominant. Whenever the magnetic field
is increased, we still have AB-type oscillations, but they have
smaller amplitudes.
V. PERSISTENT CURRENT
The free energy of the isolated system allows us to extract
another important thermodymic quantity, namely, the persis-
tent current. By considering the variation of the magnetic flux
confined to the hole of the ring, the persistent current is calcu-
lated using the Byers-Yang relation [4]
In,m = −∂En,m
∂Φ
= − 1
φ0
∂En,m
∂l
, (16)
where En,m is then given by Eq. (7) with r0 = 0. The total
current is given by
I =
∑
n,m
In,m, (17)
where In,m is explicitly given by
In,m =
eω
4piα2
(
m− l
L
− ωc
ω
)
, (18)
which is the persistent current carried by a given state χn,m
of the ring.
Remembering that in the case of a one-dimensional ring,
the current is proportional to the magnetic moment. For the
two-dimensional case, this relation is given by
Mn,m (B) = pir
2
n,mIn,m −
e~
µα2
(
n+
1
2
)
ωc
ω
. (19)
The above equation is a generalization of the classical result
between the current and the magnetic moment which is given
by the first term on the right side of the Eq. (19). The second
term results from the penetration of the magnetic field into the
2D structure, being it a diamagnetic term. From this result it
is possible to show that if ωc ≪ ω0 the persistent current and
the magnetization present a similar behavior. Note that all the
results above hold for the state of the quantum dot since the
wave function χn,m is zero in the r = 0 region. For α = 1,
it was shown in Ref. [7] that for the m = l state, the wave
function is nonzero at r = 0 and the Byers-Yang relation no
longer applies. However, by using a appropriate limit, Tan
and Inkson [7] calculated the persistent current carried by this
state. In our case, we can write
In,m=l = lim
a1→0
lim
m→l
lim
α→1
eω
4piα2
(
m− l
L
− ωc
ω
)
= −eωc
4pi
,
(20)
which is the current obtained in Refs. [6, 7] for them− l = 0
state. For α 6= 1, nevertheless, the state with m = l does
not represent a problem due to the fact that it is not an al-
lowed physical state. The persistent current as a function of
the magnetic field is plotted in Fig. 8 for different values of α.
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FIG. 8. (Color online) The persistent currents of the quantum dot as
a function of magnetic field strength.
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FIG. 9. (Color online) The persistent currents in the weak magnetic
fields interval.
On a flat surface, the energy levels of a quantum dot for the
zero magnetic field are highly degenerate, as it was already
mentioned above. This characteristic of the energy levels of a
quantum dot influences the behavior of the persistent current
when the magnetic field is zero. Note that the non-zero value
of the persistent current at B = 0 Tesla (Fig. 9) makes it clear
that the highest occupied “shell” has not been fully filled. A
non-zero magnetic field redistributes the states so that more
states with m > 0 are occupied for the same Fermi energy.
This gives rise to the AB-type oscillations (Fig. 9). However,
by increasing the strength of the magnetic field, the dHvA-
type oscillations become more relevant (Figs. 8 and 11). No-
tice that the current carried by a state with m ≤ 0 is much
larger than that carried by a state withm > 0. In addition, the
energies of states withm ≤ 0 are always near the bottom of a
subband (See Fig. 10(d), for example) in the considered range
of the magnetic field. Therefore, when the bottom of the sub-
band crosses the Fermi energy, the depopulation of state with
m ≤ 0 occurs and consequently it results in the abrupt change
in the persistent current [7]. Let us now analyze the quan-
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FIG. 10. (Color online)The figure above shows the profile of the
persistent currents when the subband with n = 1 is depopulated.
FIG. 11. (Color online) The persistent currents of the quantum dot
as a function of the magnetic field strength.
tum dot system when it is on a curved sample. We have seen
above that the states of a quantum dot when B = 0 Tesla are
two-fold degenerate due to the rotational symmetry. Because
of this, the persistent current is zero. A small magnetic field
breaks the rotational symmetry and the current shows the os-
cillations of AB-type as seen in Fig. 9. We can also observe
that there is an increasing of the persistent current that occurs
in the weak magnetic fields interval, which is due to the ab-
sence of the m = 0 state. When the magnetic field increases,
the oscillations that are observed do not necessarily configure
dHvA-type oscillations. From the analysis of the persistent
current in a flat sample, we know that the states with m < 0
and m = 0 have a great importance for the oscillations. In
the case of the curved sample, them = 0 state is not allowed.
Then, the oscillations that we observe result only from the de-
population of the states with m < 0. As observed in the Fig.
2, these states are more affected by the curvature. Thus, we
expect these oscillations to have a behavior different from that
observed in a flat sample. In Figs. 10(a)-10(c), we can observe
more clearly that abrupt change occurs with the depopulation
of a negative state, however these states are not necessarily
near the bottom of a subband.
VI. CONCLUSIONS
In this paper, we addressed the electronic properties, the
magnetization and the persistent current of a 2DEG in a quan-
tum dot on a conical surface and submitted to an external mag-
netic field. We have obtained analytically the wavefunctions
and energy eigenvalues of the model. It was shown that the
energy is strongly influenced by the curvature of the surface
which reflects the importance of the effect of the topology on
such systems. It was verified that these changes are most sig-
nificantly manifested when the α parameter indicates a more
pronounced curvature. The oscillations of the AB that appear
in the profile of magnetization as a function of the magnetic
field for a quantum dot in the flat space remain when it is con-
strained to a curved surface. The AB-type oscillations are also
observed in the analysis of the persistent current. Neverthe-
less, the dHvA-type oscillations, which occur with a subband
depopulation, are not well defined in both the persistent cur-
rent and magnetization. An anomalous behavior in the weak
magnetic field region in both the persistent current and the
magnetization arose, and we have found that this characteris-
tic is a consequence of the absence of them = 0 state. As a fi-
nal word, we mention that the magnetization of a 2DEG plays
an important role in the context of a magnetically driven quan-
tum heat engine [49]. So, the curvature effects addressed here
could leave to the investigation concerned to the optimization
of such an engine in terms of work extraction and efficiency.
Moreover, the degeneracy has important consequences for this
kind of quantum heat engine [50]. The considerations about
this fact that we made here could impact it in a significant way.
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